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An appl oximating algorithm for computing equivalent dcgrccs of freedom of the Modified All an
Varim)cc and its square root, the Modified All an l)cviation (MVAR and Ml )lIW), and the “J’itnc
Varial)cc and ‘J’imc l)cviation (l’VAl< and ‘1’1)1iV) is presented, along with an algorithm for
approximating the inverse chi-square distribution, ‘1’hcsctwo al~orithnls allow relatively simple
com]]~ltations of confidence intcrva]s on Ml )1{V and ‘1’1)IIV, tbc latter current] y used as a
standat <1in tlIc tclccol~llll[ltlicatiolls industry. “1’IEscalgorithms cmblc users to present variance
results with confidence intervals corresponding, to ally useful probability for most data lcllgtbs
and noise types.
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lntro(lllc(ion

Wc present hm a simplified al~orithm for calculating approximate conficlcncc intervals on ~hC

modificcl Allan clcviation, MIIIW, and Ibcreforc also on the rclatcxl time variance, ‘1’IIJtV. ‘1’hc
alf,oritbm has 1wo par[s: the first gives approximate equivalent dcgrccs of freedom, calf, for tbc ful 1y
ovcrlappccl estimate of M VA]{; the second gives approximate valm of the inverse chi-squarccl
distribution. An algorithm for cstimatinp, cdf fo~ the other measure commonl y uscxl in time and
frequency mctro]o~y, the original All an deviation, was published prcvious]y [1].

Confidcncc intervals arc defined in terms of cdf and the chi-squarccl distribution as follows. If S2
denotes the usual sample variance ofn indcpcndcnt and identically distritmtcd Gaussian mcasurcmcnts
(i.e., wl)itc noise) with actual variance o’, then it is well-known that
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has a chi-square distribution with v = n-] clc~rccs of
frcc(lom [2]. in the classical situation, the clcgrccs
of frccclom associated with 0? arc integer values
dcpmciing only on the number of mcasurcmrmts,
and cxacl confidence limits on the mcasurcmcnt
variance arc casi 1y calcmlatcd using pcrccntilcs of
tbc appropriate c.hi-square distribution. IJor
cxamp]c, fip,urc 3 shows the chi -scluarc distribution
with 10 dcgrccs of frccclom, and also depicts the
pcrccnti]cs a and b that arc nccclcd to calcu]atc a
uncertainty boutds on o? at the p L 0.95 c.onfidcnc,c
lCVCIfrom a pal(icular s? bascci on 11 (iaussian
mcaswcmcnts.

A 95°A confidcmcc interval is obtained as fc)llows.
IJirst wc fincl values a and b such that the
probability is 0.95 that U of equation (1) lies

l?igurc 1 l~inding the 95% confidence limits
under tllc chi-squared distrib~ltion with 10
dcgrccs of freedom.

bctwccn a and b. ‘J’hiscondition is equivalent to tllc fol]owinp,:
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‘1’lmlower and upper bounds in the final incqua]ity arc confidence limits on the unknown variance o’.
Note tlwt tbc confidence factors vh and v/a nccdcd in the calculaticms arc indcpcndcnt ofthc actual



data. ‘1’hcygive Ihc magnitude of the conticlcmc interval as a function ofthc number of points usccl to
CXMlljWtCthC ValiallCC. ] lCllCCWCCall COlllJ)UtCthCsC COllfidCllCCfaCt0J3 fOl’CaChlKliSCtyI~Cand various
data Icng,thso ‘1’hcfactors 1-v/t> and v/a-1 p,ivc tbc multiplicn for the magnitude of the 10WCIal)d uppcr
c.onfidcncc intervals on the variances, respect ivcl y. l:or deviations such as’1 ‘I)1;V, the corrcspondi Jlg
mu]tiplicrs arc 1 - ~v/b and ~v/a - 1.

SiJ~cc the COlllJ)lO1ltime aJd frequency stability mcaswcs (AvAI{, h4vAK ‘1’VAR) arc calculated from
data arising from non-wbitc noise proccsscs, the confidence limit pI’occduJ’c outlined above is an
approximate method [3] that is based on approximating, the distribution of U in (1) with the chi-square

distribution with clcgrccs of freedom
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where 02 rcprcscnts the appropriate stabi lity mcas~Jrc (e.g.,”1 ‘VAR), S*rcprcscnts its corresponding
estimator, and Var(s2) is the variaJ~cc ofthc S2cstiJnator. “1’hcquantity v is called the equivalent
dc~rccs of frccdoJn, calf, siJlcc it need not bc iJltcgcr-va]tJcd.

III this contribution wc have combinccl an algorithm previously published by Grccnbal 1[4] for
approxiJNat iJ~gequivalent dcgrccs of freedom (cclf) with aJ~algorithJn for approximating the invcrsc of
the chi-squared distribut ioJ~fuJ~ction. ‘1’hislat(cr algorithm was derived by Grccnhall based on work of
IIarncs used ill dcriviJlg tables iJ~[5], but not published, and formu]as from AbraJnowit~, and Stcgm
(A&S) [6]. l]rcviously, tables for c.oJlfJdcJlccof ‘J’l)l{VaJld Ml)liV were published in [7]. ‘]’hcsc arc
exact colnputations for cclf and the associated conficicncc intcrva]s for various cases in computing,

‘1’1)I{V and Ml )l;V. Wc compare values approximatin~, the exact cdf aJd c.oJdidcncc factors iJl tables
in [7], findinp, a worst cmc disa~,rccmcJ~t of -9.7°/0 for the ccif aJld -110.8°/0 for the conficlcmc intervals.
h40st cases arc much better than that. “1’hcconfidcJlcc illtcJ”vals arc pessimistic ifthcy arc too Iargc and
optimistic ifthcy arc too small. lJJ many cases here, pcssiJnism is bctlcJ thm optimism, simx the true
value of’tbc varianm is more ccrlain to lic in a larp,cr ranr,c than a smaller. l:or tbc cmlpaJison with the
published tables the confidence intcrva]s a,rc no smaller thaJl -3.3Y0.

Approximation for ICquivalcnf l)qyws of M’rccdom

‘1’his version of the formula is restricted to the case of the usual fully overlapped cstiJnator of MVAR or
‘1’VAR([8], ltq. (1?.); [4], llq. (6), JTIJ= 1).
1#et:

N = number oftimc rcsidmds,

m ‘ avcragiJlg time / samp]c period.
M = N-3m-l 1, the number of terms summed iJ~the cstiJnatc,
q = M/m.

l{cstrictioJm:
N> 16,
m <N15 .

‘1’hcapproximate cdf is ~\ivcJ~by
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W1”KWa. and a, arc given in ‘J’able1 as I-’lll)c.tionsof 11)and lllc noise type.

‘1’able1. ~ocfficicnls for Approximate cdf ~alculation

))1 ‘1 rtl ‘? ?)1> 2
-.— — .—..—

Noise ‘1’ypc
- . ...——.— . ..————-._... .— !’0 .:.L a. __:J_ ...._ __,:0 al

White, I’M 0.514 0 0.935 0 1.2.25 0.589

l~lickcr l)M 0.576 0 0.973 0 1.003 0.602

White IJM 0.667 0 1.010 0 0.968 0.571

Flicker lJM 0.8]1 o 1.0?.7 o 0.947 0.416

RancJom-Walk l;h4 1.000 0 0.866 0 0.768 0.411

llnde] tllc asswnptiom f,ivcn above, a maximum error of 11.1YOin this approximation has been
observed. [Isually, it is much less.

Approxil~~ation for lnvcrsc of Chi-Squam l)istribu(ion

1et () I)c a chi-square ranciom variable with df’dcp,rccs of freedom (df can bc nonil~(cgral). 1,ct
O < p ~’ 1. 1lcfinc x = x(p,df) as the 100.p pcrccntilc of the distribution of [J; thus p is the probability
that {J ‘: x. ‘1’hc a]gorithm bc]ow compu(cs an approximation to x.

Rcstric.lims:
rlf>l,

0.005 <p <0.995.

h4axim~ltn observed error with these restrictions: 3°4

jf p<, . 5 arid df <= 30 then

!Mctl]od: truncate power series in A&S [6] 26.4.6, j~lvert l,y iteration
a: c] f/2

!Calculatc G : Gamma (I i a) (A&S 6.1 , 35)
const ant-s

cl=- .5-148646
c? = 951236:3
c:+ = -:6998588
c4~. 4245549
C..l , - .1010678

n z i Iitccjer part of a

y= a-n
G = 1 i y* (cl + y*(c2 + y~(c3 i y’(c4 + y’c:[] ))))
fc)r k = 1 to n !do noth.incj if n = O



G = (+A(y i k)

IIC!Xt k
A = F,*(;
u= (1
fc,r j = 1 tc, ‘/

u u

g> ~ + ----- * () + ----- * (] , -_!_ - ))

ail a+? a+3

u = (A*exp(u)/g)A (l/a)

next i
x . ~.u

Clsc!

!Met-}Ic)d: A&S 26.4.17
p] ~ Iujn(p, 1 - p)

!Ca]cu] al-e X = iI]verse of rlorma] distribution at I-J)] (A&S 26.2.22)
constants

ao ‘ 2.30”/53
al = .2.-/601

b] = .99229
b 2

t = Sqr

x=t-

S= sigIl(p

b = 2/(9’cif

04481

(-i+log(pl))

ao i al+t
---- ----- ---- -----

1 + t~(k)l i L*k)?)

.5) !sigrl(u) = 1 if u > 0, -1 if u < 0, 0 if u = (1

Numerical l’;xample

IIcforc g,iving tabular results, wc show by cxamp]c how they arc used and how they am calculated by
tl~cal~o~ill~l~lsp,ivcl~a l~ovc.Ass\illlct llcsitLlatiollo ftllclastl il~cof"l`al>lcll: Whitcl)Mmisc, ]02,5
tilllcrcsi(lL]:il s,a\~cragillg tilllc= l?.8sall]J)lc ~lcriocls. Sll]lposc tllatall h41)llV valtlcs isc(J1~]l~tltcclt>ya
fllllyovcrlall]> cdcstilllatc. 'l`llclal>lllatcd 95 YOl(J\\cralldLllJIlcrf actors: llc33.89Y0alld 104.1 !40.
‘1’hcrcforc, a 95% umfidcncc interval for the trLIcMl )1W o is 0.661s to 2..041s.

"l`l~clal~~llatc{icdfal~d co~~fidcllccfactolsar cobtaillcdas follows:N= 1025,1n= 128, M= 1025-
3*I2$3-I 1 = 642(tl~c l~~ll~~bcrofsLlllll]~a!~dsitltl]c cstitllatc), q= M/n)= 5.0156, aO= 1.X?5,a1= 0.589

fromr J’ablcl, calf= 6.9617 from(4). l~or95Y0 c()llfidcllcc wc~~ccd tocol~~~~~ltctllc2.5Y0 al~(l97.5YO

chi-square ICVCIS.l“hc inverse chi-square algorithm, with df = 6.9617 and p z 0.02.5, gives x ‘ 1.672.0
as the 2.5°/0 ICVCI,denoted by a in (2.). Similarly, the 97.5°/0 lCVCIis 15.928, clcnotcd by b. ‘1’hc
computed confidcnec factors arc 1 - ~ccif/lJ = 0.3389, ~cdf/o - 1 T 1.0405. (Notc that the values in
l’ab]c11 were computcct from values of aOand al having more significant digits than ihc ones given in

‘1’able1.)

Rcsul!s

‘1’hcfollowing, data arc lhc rcsu]ts for White I’M with fully ovcrlappccl estimates. ‘1’ab]c11gives the
approximate cdf and confidence factors. ‘1’able111gives the pcrccntagc errors from the exact values,
‘1’hccrro~s for White I’M arc the largest.



N
17.00
17.00
33.00
33.00
33.00
65.00
65.00
65.00
65.00
129.0
129.0
129.0
129.0
129.0
257.0
257.0
257.0
257.0
257.0
?57.0
513.0
513.0
513.0
513.0
513.0
513.0
513.0
1025.
1025.
1025.
1025.
1025.
1025.
10?5.
1025.

m
1.000
2.000
1.000
2.000
4.000
1.000
2.000
4.000
8.000
1.000
2.000
4.000
8.000
16.00
1.000
2.000
4.000
8.000
16.00
32.00
1.000
2.000
4.000
8.000
16.00
32.00
64.00
1.000
2.000
4.000
8.000
16.00
32.00
6(+.oo
1?8.0

CClf
7.714
5.610
15.94
13.09
7.5.43
32.40
28.05
17.29
7.241
65.31
57.97
36.86
16.98
7.091
131.1
117.8
76.04
36.55
16.83
7.016
262.8
237.5
154.4
75.75
36.40
16.75
6.978
526.1
476.9
311.1
154.1
75.58
36.32
16.71
6.959

‘1’ab]c11
Approximate cdf and OMfictcncc l~actors

Noise type: White I’M

IOwcr 689’0
17.74
19.67
13.65
14.71
17.87
10.29
10.91
13.23
18.12
7.622
8.030
9.746
13.33
18.24
5.579
5.857
7.1?8
9.780
13.37
18.31
4.045
4.?41
5.177
7.141
9.798
13.40
18.34
2.913
3.052
3.737
5.182
7.148
9.806
13.41
18.36

UP])CI’ 680/0
39.14
50.41
23.38
26.67
39.82
14.96
16.33
22.17
41.10
9.916
10.62
13.84
22.43
41.78
6.715
7.123
9.095
13.91
2?.56
42.13
4.610
4.867
6.141
9.116
13.95
22.63
42.30
3.195
3.363
4.214
6.148
9.1?6
13.97
2?,67
42.39

lower 95!%
32.79
36.24
25.52
27.40
33.03
19.46
20.60
24.78
33.47
14.58
15.33
18.48
24.94
33.69
10.76
11. ?8
13.66
18.54
25.02
33.80
7.856
8.2?9
10.00
13.68
18.57
?5.07
33.86
5.685
5.954
7.267
10.01
13.69
18.59
?5.09
33.89

upper 950/0
94.61
128.7
52.42
60.97
96.58
31.99
35.19
49.37
100.3
20.63
22.17
29.42
50.03
102.3
13.74
14.60
18.84
29.58
50.36
103.3
9.332
9.864
12.53
18.89
29.66
50.53
103.8
6.421
6.766
8.513
12.54
18.91
29.70
50.62
10/,.1



N
17.00
17.00
33.00
33.00
33.00
65.00
65.00
65.00
65.00
1?9.0
129.0
129.0
129.0
129.0
257.0
257.0
257.0
?57.0
?57.0
257.0
513.0
513.0
513.0
513.0
513.0
513.0
513.0
1025.
1025.
1025.
10?5.
1025.
10?!I.
10?5.
10?5.

in
1.000
2.000
1.000
2.000
4.000
1.000
2.000
4.000
8.000
1.000
2.000
4.000
8.000
16.00
1.000
2.000
4.000
8.000
16.00
3?.00
1.000
2.000
4.000
8.000
16.00
32.00
64. oo
1.000
2.000
4.000
8.000
16.00
3?.00
6!4.00

128.0

‘1’able111
l’crccl~tagc 1;rmr: (AI>~>]oxit~~atc-~orrcct)/~orlcct

White PM
Cctf

-3.426
-9.743
-1.647
-4.167
3.427

-0.8256
-1.951
3.878

-3.550
-0.4043
-0.9504
4.033

-2.917
-5.303
-0.1949
-0.4919
4.101

-2.707
-4.608
-5.754
-0.1132
-0.2498
4.113

-2.612
-4.387
-5.041
-5.880
-0.05344
-0.1088

4.163
-2.596
-4.285
-4.788
-5.150
-5.905

IOwcr 6W0
0.2167
?. 224

-0.1272
0.7902

-2.067
-0.3389
0.1303

-2.181
0. ?6?3

-0.4403
-0.2007
-2.284
0.4245
0.8504

-0.5022
-0.3668
-2.351
0.5069
1.079
0.98?5

-0.5156
-0.4671
-2.407
0.5655
1.246
1.257
1.050
-0.5?74
-0.5118
-2.462
0.6215
1.341
1.419
1. ?69
1.028

upper 68°/0 lower 95%
2.2?1 O.988/+
8.438 3.030
0.?460 0.4867
2.026 1.409

-?.940 -1.226
-0.2002 0.2024
0.5085 0.6388

-3.262 -1.523
2.416 1.012

-0.4065 0.03683
-0.1216 0.2545
-2.982 -1.712
1.134 0.9751
3.895 1.600

-0.4934 -0.08395
-0.3280 0.04159
-2.859 -1.874
0.9700 0.9826
2.286 1.639
4.?97 1.761

-0.5110 -0.09529
-0,4547 -0.03606
-2.751 -1.9?2
0.8747 0.9799
2.038 1.708
?.590 1.809
4.400 1.812

-0.5436 -0.1347
-0.5195 -0.09570
-2.703 -2.013
0.8352 1.038
1.869 1.743
2.241 1.850
2.650 1.853
4.441 1.807

upper 950/0
3.178

10.82
1.416
3.668

-3.074
0.46?6
1.291

-2.614
3.383
0.1016
0.4675

-2.577
2.324
5.169

-0.07942
0. 098?9

-2.472
1.684
3.645
5.651

-0.1023
-0.02684
-2.424
1.437
2.842
3.994
5.797

-0.1431
-0.1039
-2.351
1.315
2.494
3.089
4.084
5.8?9
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